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Abstract. In this note, we show that for any harmonic map into a non-compact symmetric space
one can find naturally a “dual” harmonic map into a compact symmetric space which can be
constructed from the same basic data (called “potentials” in the loop group formalism). Locally
also the inverse/converse duality theorem holds.
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1. Introduction
The study of harmonic maps is an important topic in differential geometry which relates to
many branches of mathematics. In the 1980s, it was known that harmonic maps from surfaces
into compact symmetric spaces are closely related with integrable systems. An application of these
techniques has lead to many new insights, see for instance [14, 5] and references therein.
Harmonic maps from surfaces into non-compact symmetric spaces are of great importance as
well, since such harmonic maps appear naturally in many geometric and physical problems. But
the study of harmonic maps into non-compact symmetric spaces is more complicated than the
study of the compact case. In particular, globally smooth results are not so easy to come by, due to
technical difficulties, specific to the non-compact case, which cause the occurrence of branch points
or singularities.
In this note, we derive a “duality theorem” for harmonic maps into non-compact symmetric
spaces. More precisely this means that for any harmonic map into a non-compact symmetric space
one can find naturally a harmonic map into a compact symmetric space which can be constructed
from the same basic data (called “potentials” in the loop group formalism). Locally also the
inverse/converse duality theorem holds. The global existence holds for the case of two-spheres,
which have essential contribution in the study of Willmore 2-spheres in spheres [15, 16]. In fact the
topic of this paper stems from the study of Willmore surfaces, since the conformal Gauss map of a
Willmore surface is a harmonic map into some non-compact symmetric space [6, 7]. To be concrete,
using this duality theorem, we can classify the conformal Gauss maps of Willmore 2-spheres by
classifying all compact dual harmonic maps of these harmonic maps [15]. This also shows how one
can describe all harmonic maps of finite uniton type into non-compact symmetric spaces, the main
topic of [8].
Our main result relates a harmonic map into a non-compact inner symmetric space to a harmonic
map into a compact symmetric space as follows:
Theorem 1.1. Let f : M˜ → G˜/K˜ be a harmonic map from a simply connected Riemann surface M˜
into an inner, non-compact, symmetric space G˜/K˜, where G˜ is chosen to be simply connected. Then
there exists a maximal compact Lie subgroup U˜ of G˜C satisfying (U˜ ∩ K˜C)C = K˜C and there exists
a harmonic map f
U˜
: M˜ → U˜/(U˜ ∩ K˜C) into the compact, inner symmetric space U˜/(U˜ ∩ K˜C)
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which has the same normalized potential as f . The map fU˜ is induced from f via the Iwasawa
decomposition of the extended frame F of f relative to U˜ .
Conversely, let hU˜ : D → U˜/(U˜ ∩ K˜
C) be a harmonic map from the unit disk D with hU˜ |z=0 =
e(U˜ ∩ K˜C). Then there exists a neighbourhood D0 ⊂ D of 0 and a harmonic map h : D0 → G˜/K˜
which has the same normalized potential as hU˜ . The map h is induced from hU˜ via the Iwasawa
decomposition of the extended frame H of hU˜ relative to G˜.
Note that the difference in the above two directions is due the fact that the Iwasawa decomposi-
tion for the loop groups of compact Lie groups is global while the Iwasawa decomposition for loop
groups of non-compact Lie groups is not global [2, 12, 13].
This theorem turns out to permit to apply certain well-known results for finite uniton harmonic
maps into compact inner symmetric spaces [3] directly to harmonic maps into non-compact inner
symmetric spaces, which basically is the content of the follow-up paper [8].
We will recall the necessary results concerning harmonic maps in terms of loop groups in Sec-
tion 2. In Section 3 we give a proof of the main result. The paper ends with a concrete example
illustrating our results.
REMARK: Following the suggestion of some anonymous referee we have divided the paper entitled “Will-
more surfaces in spheres via loop groups I: generic cases and some examples ”(arXiv:1301.2756) into three
parts. The present paper is part III and [6, 7] are part I and part II respectively.
2. The DPW method for harmonic maps
2.1. Harmonic maps into symmetric spaces. Let G be a simply-connected, semi-simple, real
Lie group. Let G/K be a symmetric space defined by an involution σ : G → G such that Gσ ⊃
K ⊃ (Gσ)0.
Let pi : G → G/K be the projection from G to G/K. Let g and k be the Lie algebras of G and
K respectively. The generalized Cartan decomposition g = k ⊕ p (relative to σ) satisfies [k, k] ⊂ k,
[k, p] ⊂ p, [p, p] ⊂ k.
Let f : M → G/K be a conformal harmonic map from a connected Riemann surface M . There
exists a frame F : U → G such that f |U = pi ◦ F , where U is an open, simply connected subset of
M . Then we have the Maurer-Cartan form and the Maurer-Cartan equation as follows
F−1dF = α, and dα+
1
2
[α ∧ α] = 0.
Decomposing these equations w.r.t. g = k ⊕ p, we have α = αk + αp with αk ∈ Γ(k ⊗ T
∗M) and
αk ∈ Γ(p⊗ T
∗M). Decompose α1 into the (1, 0)−part α′p and the (0, 1)−part α′′p . Set
αλ = λ
−1α′p + αk + λα
′′
p , λ ∈ S
1.
Lemma 2.1. ([5]) The map f : M → G/K is harmonic if and only if
dαλ +
1
2
[αλ ∧ αλ] = 0 for all λ ∈ S
1.
Definition 2.2. Let F (z, λ) be the solution to the equation dF (z, λ) = F (z, λ)αλ, F (0, λ) = F (0).
Then F is called an extended frame of the harmonic map f . Note that F (z, 1) = F (z).
2.2. The DPW construction of harmonic maps.
2.2.1. Two decomposition theorems. Let G be a connected real Lie group and GC its complexifi-
cation (For details on complexifications, in particular of semi-simple Lie groups, see [11]). Let σ
denote an inner involution of G and K a closed subgroup satisfying (Fixσ(G))0 ⊂ K ⊂ Fixσ(G).
Then σ fixes k = LieK. The extension of σ to an involution of GC has kC as its fixed point algebra.
By abuse of notation we put KC = Fixσ(GC). It is known that KC is in general not connected.
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Let ΛGCσ denote the group of loops in G
C twisted by σ. Let Λ+GCσ denote the subgroup of loops
which extend holomorphically to the open unit disk |λ| < 1. Set
Λ+BG
C
σ := {γ ∈ Λ
+GCσ | γ|λ=0 ∈ B}.
Here B ⊂ KC is defined from the Iwasawa decomposition KC = K ·B. Let Λ−∗ GCσ denote the loops
that extend holomorphically into ∞ and take the value e at infinity. Here e ∈ G is the identity.
Theorem 2.3. [5, 13]
(1) (Iwasawa decomposition): The multiplication ΛGσ × Λ
+
BG
C → ΛGCσ is a real analytic dif-
feomorphism onto the open dense subset ΛGσ · Λ
+
BG
C ⊂ ΛGCσ .
(2) (Birkhoff decomposition): The multiplication Λ−∗ GCσ × Λ+GC → ΛGCσ is a biholomorphic
map onto the open subset Λ−∗ GCσ · Λ+GC (big Birkhoff cell) of ΛGCσ .
2.2.2. The DPW construction. Here we recall the DPW construction for harmonic maps. Let
D ⊂ C be a disk or C itself, with complex coordinate z.
Theorem 2.4. [5]
(1) Let f : D → G/K be a harmonic map with an extended frame F (z, z¯, λ) ∈ ΛGσ based at
z = 0, i.e., F (0, 0, λ) = e. Then there exists a Birkhoff decomposition
F−(z, λ) = F (z, z¯, λ)F+(z, z¯, λ), with F+ ∈ Λ+GCσ ,
such that F−(z, λ) : D→ Λ−∗ GCσ is meromorphic. Moreover, the Maurer-Cartan form of F−
is of the form
η = F−1− dF− = λ
−1η−1(z)dz,
with η−1 independent of λ. The 1-form η is called the normalized potential of f .
(2) Let η be a λ−1 ·p−valued meromorphic 1-form on D. Let F−(z, λ) be a solution to F−1− dF− =
η, F−(0, λ) = e. Then on an open dense subset DI of D one has
F−(0, λ) = F˜ (z, z¯, λ) · F˜+(z, z¯, λ), with F˜ ∈ ΛGσ, F˜ ∈ Λ+BG
C
σ .
This way, one obtains an extended frame F˜ (z, z¯, λ) of some harmonic map from DI to G/K
with F˜ (0, λ) = e. Moreover, all harmonic maps can be obtained in this way, and these two
procedures are inverse to each other if the normalization I at some base point is used.
3. A duality theorem for harmonic maps into non-compact symmetric spaces
The main goal of this section is to prove Theorem 1.1, which states that a harmonic map into a
non-compact symmetric space induces naturally a harmonic map into the compact dual symmetric
space. This result is of importance for the discussion of Willmore surfaces of finite uniton type [8],
since it permits to apply the work of Burstall and Guest [3], originally only applicable to harmonic
maps into compact symmetric spaces, to the investigation of Willmore surfaces in spheres. We will
see that all Willmore 2-spheres are of finite uniton type (the monodromy matrices all are trivial
and all quantities of geometric interest are Laurent polynomials). Hence the work of [3] can be
applied. Along these lines, in [16] a new Willmore 2-sphere in S6 has been produced which solves
a long open problem posed by Ejiri [9]. Note that for higher genus some of the Willmore surfaces
are of finite uniton type, but in general they are not.
3.1. Proof of Theorem 1.1. We consider a connected, non-compact, semi-simple, real Lie group
G and a non-compact, inner, pseudo-Riemannian symmetric space G/K defined by σ. Set g =
Lie(G) and gC = g⊗C. Denote by τ the complex anti-linear involution defining g in gC. Obviously
στ = τσ. Let θ be some Cartan involution of gC commuting with σ and τ .
In this section we will represent the homogeneous space G/K also in the form G/K = G˜/K˜,
where G˜ is simply connected. Let G˜C denote the complexification of G˜ [11]. The Lie algebra of GC
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is gC and G˜C is simply connected and σ, τ and θ have extensions to pairwise commuting involutive
group homomorphisms of G˜C. Since we start from a semi-simple Lie group G, we can assume that
the natural image of G˜ in G˜C is a closed subgroup of G˜C [11].
Let f : M → G/K = G˜/K˜ be a harmonic map with an extended frame F : M˜ → (ΛGσ)
0 ⊂
ΛGCσ . Then we also have an extended frame F˜ : M˜ → ΛG˜σ ⊂ ΛG˜
C
σ . (Note that here for G =
SL(2,R) the last two “inclusions” actually describe inclusions of the image of G˜ under the natural
homomorphism. Also recall that by [7] in the case M = S2 the frame F is permitted/required to
have singular points.)
To relate f to a harmonic map fˆ into a compact inner symmetric space, let U˜ = Fixθ(G˜C). Then
U˜ is a maximal compact subgroup of G˜C, and U˜ is connected and simply connected [1]. Moreover,
observe that K˜C = Fixσ(G˜C) ⊂ G˜C is a connected complex Lie group satisfying K˜C ∩ G˜ = K˜. Let
g = k+ p be the decomposition of g relative to σ and g = h+m the decomposition of g relative to
θ. Then
g = k ∩ h+ k ∩m+ p ∩ h+ p ∩m
as a direct sum of vector spaces. Moreover, for the Lie algebra u of U˜ we have
u = k ∩ h+ p ∩ h+ i (k ∩m+ p ∩m)
= (k ∩ h+ (ik) ∩ (im)) + (p ∩ h+ (ip) ∩ (im))
= kC ∩ u+ pC ∩ u.
It is easy to see now that
(
kC ∩ u
)C
= (k ∩ h+ (ik) ∩ (im))C = kC holds. As a consequence, for the
maximal compact Lie subgroup U˜ of G˜C constructed above we obtain
(U˜ ∩ K˜C)C = K˜C
which follows, since both sides represent connected Lie subgroups of G˜C and have the same Lie
algebra (Springer-Steinberg Theorem and [10], chapter VII, Theorem 7.2). Since σ is inner, we
obtain rank(g) = rank(k) and then also by using the last equation above rank(u) = rank(u ∩ kC).
Hence
Lemma 3.1. The symmetric space U˜/(U˜ ∩ K˜C) is an inner symmetric space.
Example 3.2. For a strongly conformally harmonic map associated with a strong Willmore map
f : M → Sn+2 we have G = SO+(1, n + 3), G˜ ∼= Spin(1, n + 3)0, GC ∼= SO(1, n + 3,C) and G˜C ∼=
Spin(1, n+3,C). Moreover, we have K = SO+(1, 3)×SO(n) and K˜C = Spin(1, 3,C)×Spin(n,C).
Hence U˜ ∼= Spin(n+ 4), and U˜ ∩ K˜C = Spin(4)× Spin(n). On the Lie algebra level, we have
Lie(U˜ ) = u = {A ∈ so(1, n + 3,C)|A = (ajk), ia1j ∈ R, j = 1, · · · , n+ 4},
(u ∩ kC)C = so(1, 3,C) × so(n,C) = kC.
Proof of Theorem 1.1.
For the harmonic map f : M˜ → G˜/K˜ we consider the non-global Iwasawa decomposition in
ΛG˜Cσ relative to ΛG˜σ . Restricting σ to U˜ , we can consider the twisted loop group ΛU˜
C
σ and the
corresponding Iwasawa decomposition of ΛU˜Cσ relative to ΛU˜σ. By our construction, complexifying
G˜ and complexifying U˜ yields the same complex Lie group G˜C and the holomorphic extensions of
σ, considered as an involution of G˜ or considered as an involution of U˜ , yield the same involution
of G˜C. Therefore the complex twisted loop groups, constructed by starting from G˜ or starting from
U˜ are the same, that is,
ΛG˜Cσ = ΛU˜
C
σ , and Λ
+G˜Cσ = Λ
+U˜Cσ .
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Applying this we can also perform the following Iwasawa decomposition of ΛG˜Cσ :
(3.1) ΛU˜σ · Λ
+G˜Cσ = ΛG˜
C
σ .
Now let us turn to the harmonic maps. First we assume that M˜ = D is a contractible open
subset of C. Then we derive a global extended frame F (z, z¯, λ) of f . Applying the decomposition
(3.1) to the frame F we obtain
(3.2) F = FU˜ ·W+, FU˜ ∈ ΛU˜σ, W+ ∈ Λ
+U˜Cσ .
Writing as usual α = F−1dF = λ−1α′p + α0 + λα′′p , we obtain
F−1
U˜
dFU˜ = αU˜ =W+αW
−1
+ − dW+W
−1
+ = λ
−1W0α′pW
−1
0 + αU˜ ,0 + λαU˜ ,1 + . . . .
Since W+ ∈ Λ
+U˜Cσ = Λ
+G˜Cσ , we have W0 ∈ K˜
C, and σ(W0) = W0. Since α
′
p ∈ p
C, we obtain
moreover
σ(α′p) = −α
′
p, and σ(W0α
′
pW
−1
0 ) = −W0α
′
pW
−1
0 .
Since α
U˜
is fixed by the anti-holomorphic involution θ we infer
αU˜ = λ
−1α˜′p + α˜k + λα˜
′′
p , with α˜k ∈ u ∩ k
C, and α˜′′p = θ
(
α˜′p
)
∈ pC.
As a consequence, FU˜ is the frame of a harmonic map fU˜ : M˜ → U˜/(U˜ ∩ K˜
C), where actually
fU˜ = FU˜ mod U˜ ∩ K˜
C.
Computing the Birkhoff decomposition of F as well as the Birkhoff decomposition of FU˜ we obtain
F−F+ = F = FU˜W+ = FU˜ ,− · FU˜ ,+ ·W+,
with
F− = I +O(λ−1), FU˜ ,− = I +O(λ
−1) ∈ Λ−∗ U˜
C
σ = Λ
−
∗ G˜
C
σ .
This implies F− = FU˜ ,−, whence we also have η = F
−1
− dF− = F
−1
U˜ ,−dFU˜ ,−.
Conversely, let hU˜ : D→ U˜/(U˜ ∩ K˜
C) be a harmonic map from the unit disk D with hU˜ |z=0 = e
and HU˜ an extended frame for hU˜ satisfying HU˜ (z = 0) = I. Then there exists a neighbourhood
D0 ⊂ D of 0 on whichHU˜ = FV+ holds with F ∈ ΛGσ, i.e. whereHU˜ has an Iwasawa decomposition
relative to ΛGσ. Then h ≡ F mod K satisfies the claim.
✷
Remark 3.3. We would like to point out that the last part of Theorem 1.1 shows that the “dual-
ity” between the harmonic maps into compact symmetric spaces the ones in the dual non-compact
symmetric spaces is in general only local, due to the fact that the corresponding Iwasawa decom-
positions for non-compact symmetric spaces is in general not global. It would be interesting to
understand this duality in a more global sense.
3.2. Applications to finite uniton type harmonic maps. The notion of finite uniton type
of some harmonic map was coined by Uhlenbeck in [14]. For this definition she required special
properties of “extended solutions”, objects used extensively in that paper. Moreover, her definition
was in the context of maps defined on S2 or simply-connected subsets of S2. In [3] the definition was
extended (also by restrictions on extended solutions) to harmonic maps from arbitrary Riemann
surfaces M to (compact inner) symmetric spaces.
In our work we primarily use extended frames (not extended solutions). And in view of Theorem
3.11 of [7] this also makes sense for M = S2. Therefore we prefer to give the definition of “finite
uniton type” in terms of extended frames.
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For this purpose we introduce the notion of an algebraic loop as meaning that the Fourier expan-
sion in λ is a Laurent polynomial, i.e. it has only finitely many terms. Such loops will be denoted
by the subscript “alg”, like
ΛalgGσ, ΛalgG
C
σ , ΩalgGσ.
We define
ΩkalgGσ := {γ ∈ ΩalgGσ|Ad(γ) =
∑
|j|≤k
λjTj} .
Now can define the notion of finite uniton type.
Definition 3.4. Let M be a Riemann surface, compact or non-compact. A harmonic map f :M →
G/K is said to be of finite uniton type if some extended frame F of f , defined on the universal cover
M˜ of M and satisfying F (z0, λ) = e for some base point z0 ∈M , has the following two properties:
(U1) F (z, λ) descends to a map from M to (ΛGCσ )/K, i.e. the map F (z, λ) : M → (ΛG
C
σ )/K is
well defined on M (up to two singularities in the case of M = S2) for all λ ∈ S1.
(U2) F (z, λ) is a Laurent polynomial in λ.
Hence f is of finite uniton type if and only if there exists an extended frame F for f which has
a trivial monodromy representation and is a Laurent polynomial in λ. In particular, in this case
F (M) ⊂ ΩkalgGσ for some k.
It is also easy to verify that f has finite uniton type if and only if F−, obtained from F by the
Birkhoff decomposition F = F−F+ with F− = I + O(λ−1), descends to a map F− : M → Λ−∗ GCσ
and is a Laurent polynomial.
Definition 3.5. Let f : M → G be a harmonic map of finite uniton type from M into G/K and
F an extended frame for f satisfying (U1) and (U2).
We say that f has finite uniton number k if
F (M) ⊂ ΩkalgGσ, and F (M) * Ω
k−1
alg Gσ.
In this case we write r(f) = k.
In [8] the notion of finite uniton type is investigated in much more detail. In particular, it is
shown there that the definition above coincides with the definition of [3] and [14]. Combining the
above definition with Theorem 1.1 we obtain:
Theorem 3.6.
(1) Let f : M˜ → G˜/K˜ be a harmonic map and fU˜ the associated harmonic map into the
compact symmetric space U˜/(U˜ ∩ K˜C) as in Theorem 1.1. Then f is of finite uniton type
if and only if fU˜ is of finite uniton type. Moreover, we have r(f) = r(fU˜ ).
(2) If M˜ = S2, then f is of finite uniton type.
Proof. (1) Let F , F
U˜
be the (local) extended frame of f and f
U˜
respectively and assume that f or
fU˜ is of finite uniton type and F or FU˜ the corresponding frame respectively. By (3.2), the Fourier
expansion of F contains only finitely many powers of λ−1 if and only if FU˜ has only finitely many
powers of λ−1 in its Fourier expansion. Using the reality of F and FU˜ , we conclude that F is a
Laurent polynomial of λ if and only if FU˜ is a Laurent polynomial of λ. The equality of r(f) and
r(fU˜) follows, since the extremal powers of λ occurring in F and FU˜ are the same. Finally, again by
(3.2) it is easy to verify that F mod K is defined on M if and only if FU˜ mod U˜ ∩ K˜
C is defined
on M .
(2). In the case of M˜ = S2, by (1) it suffices to show that fU˜ is of finite uniton type. To
show this, first we claim that F = FU˜ (z, z¯,−1)FU˜ (z, z¯, 1)
−1 is a harmonic map into U˜ having
Φ(z, z¯, λ) = F
U˜
(z, z¯, λ)F
U˜
(z, z¯, 1)−1 as its extended solution. Here F
U˜
(z, z¯, λ) is the extended frame
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of fU˜ with the Maurer-Cartan form αU˜ = λ
−1α′p+αk+λα′′p and FU˜ (z0, z¯0, λ) = e. Straightforward
computations show
A =
1
2
F−1dF = −FU˜ (z, z¯, 1)(α
′
p + α
′′
p)FU˜ (z, z¯, 1)
−1 = A(1,0) + A(0,1),
and
Φ(z, z¯, λ)−1dΦ(z, z¯, λ) = (1− λ−1)A(1,0) + (1− λ)A(1,0).
The claim now follows from Theorem 2.1 of [14]. Moreover, since Φ(z0, z¯0, λ) = e, by Theorem 11.5
of [14] the extended solution Φ(z, z¯, λ) is a Laurent polynomial of λ. Hence FU˜ (z, z¯, λ) is a Laurent
polynomial of λ and as a consequence fU˜ is of finite uniton type. 
We end this paper with an example of the conformal Gauss map f of a Willmore surface and
the compact dual harmonic map f˜ of f (See [16] for more details).
Example 3.7. [16] We consider SO+(1, 7) as the connected component of {A ∈Mat(8,R)|AtI1,7A =
I1,7, |A| = 1} containing I. Let f2 and f4 be meromorphic functions on S
2. Let
(3.3) η = λ−1
(
0 Bˆ1
−Bˆt1I1,3 0
)
dz, with Bˆ1 =
1
2


−if ′2 f
′
2 0 0
if ′2 −f
′
2 0 0
f ′4 if
′
4 0 0
if ′4 −f
′
4 0 0


be a normalize potential. Set d1 = 1 + |f2|
2 + |f4|
2, d2 = 1 + |f2|
2 and d3 = 1 + |f4|
2. Then the
corresponding harmonic map into SO+(1, 7)/SO+(1, 3) × SO(4) is φ1 ∧ φ2 ∧ φ3 ∧ φ4 with
(3.4) (φ1, φ2, φ3, φ4) =


1 + |f2|
2
2
|f2|2
2
−i(f¯2f4−f2f¯4)
2
√
d3
f¯2f4+f2f¯4
2
√
d3
− |f2|
2
2 1−
|f2|2
2
i(f¯2f4−f2f¯4)
2
√
d3
− f¯2f4+f2f¯4
2
√
d3
0 0 1√
d3
0
0 0 0 1√
d3
−i(f2−f¯2)
2
−i(f2−f¯2)
2 −
f4+f¯4
2
√
d3
−i(f4−f¯4)
2
√
d3
f2+f¯2
2
f2+f¯2
2
−i(f4−f¯4)
2
√
d3
f4+f¯4
2
√
d3
0 0 0 0
0 0 0 0


.
Note that it is the conformal Gauss map of the the minimal surface xλ in R4 ⊂ R6:
(3.5) xλ =


−
if ′
2
f ′
4
+
if ′
2
f ′
4
−
f ′
2
f ′
4
−
f ′
2
f ′
4
−i(λ−1f2 − λf¯2) +
iλ−1f ′
2
f4
f ′
4
−
iλf ′
2
f¯4
f ′
4
(λ−1f2 + λf¯2)−
λ−1f ′
2
f4
f ′
4
−
λf ′
2
f¯4
f ′
4


.
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The dual harmonic map into the compact symmetric space SO(8)/SO(4) × SO(4) is φ˜1 ∧ φ˜2 ∧
φ˜3 ∧ φ˜4 with
(3.6) (φ˜1, φ˜2, φ˜3, φ˜4) =


1√
d2
0 f¯2f4+f2f¯4
2
√
d1d2
i(f¯2f4−f2f¯4)
2
√
d1d2
0 1√
d2
i(f¯2f4−f2f¯4)
2
√
d1d2
−f¯2f4−f2f¯4
2
√
d1d2
0 0
√
d2√
d1
0
0 0 0
√
d2√
d1
f2+f¯2
2
√
d2
−i(f2−f¯2)
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

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